Abstract. Suppose that S is a Banach space and that A and M are functions such that if x and y are numbers, xäy, and P is in S then each of M(x, y)P and A(y, P) is in S. This paper studies the relation M(x, y)P = P+ f* A{t, M(t, y)P) dt.
M(X, y)M(y, z)P = M(x, z)P for all y between x and z and all P in S. This paper is a study of the relation
(1) M(x, y)P = P+ i" A(t, M(t, y)P) dt Jx between A and M.
In [9] and [10], J. S. Mac Nerney defines classe OM and O A and a one-to-one correspondence S from O A onto OM. Members M of OM have the evolution property (E) and members V of O A have the property that V{x,y)P+V(y,z)P= V(x,z)P for all y between x and z and all P in 51. The function S associates members M and V of OM and 0/1 which are related by an equation similar to (1). Important in those papers, but not to be considered here, is the possibility of discontinuities of the solutions M(-, y)P. The author's study in [4] and [5] of these discontinuities leads into the analysis in this paper.
The development of Mac Nerney's (see also [13] ) includes the case that, for a>b, the function M (a, b) is "generated" by a Lipschitz function A(t, ■) from 5 to S and lima_(, | In case A(t, ■) is (not necessarily Lipschitz) continuous and lima_& \M(a, b)P-P\ =0 and, especially in case M arises from a one-parameter semigroup of nonlinear functions, many investigations have been made. Some of these are [1], [2] , [3] , [6] , [8] , [11] , [12] , [14] , [15] , [16] , [17] , [18] , and [19] . However, in none of these more recent papers has the complete pairing of the solutions with their generators been made as provided by ë in [9] and [10] . This paper will provide an extension of the function ê to a nonlinear analogue of the linear, strong case (see [7, §11 .5]). there is a continuous function p which is of bounded variation on each finite interval such that if a^b and P and Q are in 5 then \M(a,b)P-M(a,b)Q\ :£ exp (P(a)-P(b))\P-Q\, 2M . if x^y^z and Pis in S then M(x,y)M(y, z)P=M(x, z)P, 3M. if a > b and B is a bounded subset of S then there is a nondecreasing, continuous function a such that if a^x^y^b and P is in B then \M(x,y)P-P\ ¿¡a(x) -a(y), and 4M. if a>b then there is a nondecreasing function ß such that if e>0 and P is in S then there is a positive number S and a positive number d having the property that if g is in 5 such that \Q-P\<8 and a^x^y^b such that x-y<d then
The main result of this paper is the following:
Theorem. There is a reversible function S from O A onto OM such that if V is O A and M is in O M then these are equivalent: Remark. If a > b then a subdivision {s"}ô of {a, b} is a decreasing sequence such that ä(0) = a and s(n) = b. Also, t is a refinement of the subdivision s provided that / is a subdivision of {a, b} and í is a subsequence of t. The continuously continued product and sum in (b) and (c) above are defined in [9] and [10]; the integral in (d) is the Riemann-Stieltjes integral. Lemma 2.1. Suppose that a>b, ß is as in condition 4A, {Rp}p = i is a Cauchy sequence with values in S, and e > 0. There is a positive number 8 having the property that if n is a positive integer, P is in S such that \P -Rn\ < 8, and a^x^y^b then
Indication of proof. A proof may be constructed similar to the usual proofs that continuous functions on closed and (sequentially) compact sets are uniformly continuous.
Remark. The construction in the proof of the next lemma is similar to that of [6, Lemma 3].
Lemma 2.2. Suppose that a>b, ß is as in condition 4A, e>0, andP is in S. There is a subdivision {sp}o of {a, b} such that ifk is an integer in [1, m], {tp}ô is a subdivision of{sk-1, sk},j is an integer in [I, ri], and a^x^y^b then j^)"1' |i*V>| =i an<n
Indication of proof. With the supposition of the lemma, let A be a function from S to the positive real numbers such that if Q is in S then A(Q) is the largest number S not exceeding 1 and having the property that if R is in S, \R-Q\ <S, and a^xtŷ 
The convergence of R now follows from the continuity of a. By Lemma 2.1, there is a positive number 8 such that if n is a positive integer then A(7?n) ä 8. Let {/p}g be a refinement of s, u be an increasing sequence such that «(0) = 0 and t(u(p)) = s(p), and define Kto be the sequence given by For property 3M, if a>b, B is a bounded subset of S, a is as indicated in condition 3A, and {sp}^ is a subdivision of {x,y} such that j*^-1' |<//>|^i then
For property 4M, suppose that a > b, ß is as in condition 4A, e > 0, and P is in S. Corresponding to P and e, let S be as in 4A. Corresponding to the bounded set containing only the point P let a be as in condition 3A. 
From OM to O A. condition IM.
In this section, suppose that M is in OM and p is as in Lemma 3.1. Suppose that a>b, ß is as in condition 4M, {P"}p°=1 is a Cauchy sequence with values in S, and e > 0. There is a positive number S and a positive number d having the property that ifn is a positive integer, P is in S such that \P -Rn \ <8, ando = x^_v = 6 such that x-y<d then
Indication of proof. Techniques applicable in the proof of Lemma 2.1 are also applicable here.
Lemma 3.2. Suppose that a>b, ß is as in condition 4M, e>0, andP is in S. There is a positive number e such that ifa^u^v^z^b and u -z^e, then 4. The one-to-one correspondence. In §2, a mapping is defined from O A to O A/ and, in §3, a mapping is defined from OM to O A. This section will show that the composite of these mappings is the identity mapping. Lemma 4.1. Suppose that V is in O A, M is in OM, V and M are related as in Theorem 2.2, a>b, ß is as in condition 4A, P is in S, and e> 0. There is a positive number dsuch that ifa^x^y^b andx-y<d then
Indication of proof. With the supposition of the lemma, let 8 be as indicated in condition 4A. Corresponding to the bounded set containing only P, let a be as in condition 3A. Let d be a positive number such that if a^x^y^b and x-y<d then a(x) -a(y)< 8/exp (2 f£ \dp\). Let x and y be such that x-y<dand{tv}l be a subdivision of {x, y}. If p is an integer in [1, n] then Ô [í-Kto-i, tùV'P-P Ú exp Í2 f° \dp\) 2 I VP\ < 8. 
